Technique for Order Performance by Similarity to Ideal Solution (TOPSIS) method has been extended in previous literature to consider the situation with interval input data. However, the weights associated with criteria are still subjectively assigned by decision makers. This paper develops a mathematical programming model to determine objective weights for the implementation of interval extension of TOPSIS. Our method not only takes into account the optimization of interval-valued Multiple Criteria Decision Making (MCDM) problems, but also determines the weights only based upon the data set itself. An illustrative example is performed to compare our results with that of existing literature.
Introduction
Decision makers are often confronted with a Multiple Criteria Decision Making (MCDM) problem that finds the best option among a finite set of feasible alternatives, usually taking into account multiple conflicting criteria [1] . The MCDM framework has been extensively applied in economy, engineering, marketing, management, military, and technology, and many other areas [2, 3] . In general, a MCDM problem with alternatives, namely, 
where , = 1, 2, . . . , , = 1, 2, . . . , is the performance rating of alternative with respect to criterion , is the weight of criterion , and ∑ =1 = 1, ≥ 0.
In line with Wang and Lee [4] , the MCDM problems can be reasonably categorized into two groups: deterministic and uncertain MCDM problems with precise and fuzzy or interval input data and weights, respectively. Among the large variety of methods developed for solving MCDM problems, Technique for Order Performance by Similarity to Ideal Solution (TOPSIS) was initially proposed by Hwang and Yoon [1] , following the rationale that the chosen alternative should have the shortest distance from the positive ideal solution and the farthest from the negative ideal solution. Behzadian et al. [5] conducted a state-of-the-art literature review to classify the extant TOPSIS research with respect to various applications. Specifically, there exist a large spectrum of papers that involve the extension of TOPSIS with interval parameters. Jahanshahloo et al. [6, 7] extended the TOPSIS method to solve MCDM problems with interval data and determined the most preferable alternative with both crisp numbers and interval scores. Tsaur [8] took into account decision makers' risk attitude towards the interval criteria values and developed a new TOPSIS method to normalize the collected data and rank the alternatives. Yue [9, 10] defined the positive and negative ideal solutions in a group decision environment, in which each individual decision result is expressed 2 Mathematical Problems in Engineering as an interval matrix and employed the Euclidean distance as the separation measure of each individual decision from the ideal solution and the relative closeness to the ideal solution. Zhang and Yu [11] developed a mathematical programming model to determine the weights of criteria, considering the MCDM problems with incomplete information of criteria under interval-valued intuitionistic fuzzy sets circumstance. To overcome the drawback that ideal solutions in forms of intervals are not attainable, Dymova et al. [12] presented a new direct approach to interval extension of TOPSIS method that is independent of heuristic assumptions and limitations of existing methods. Apart from the aforementioned efforts that have been made to handle TOPSIS with interval-valued data, Fan and Liu [13] untangled the group decision-making problems with uncertain preference information described as multigranularity linguistic terms, which were thereby transformed into trapezoidal fuzzy numbers. Fuzzy positive-ideal and negative-ideal solution solutions were defined to implement TOPSIS. Fan et al. [14] proposed a new method to solve stochastic MCDM problem, in which the consequences of alternatives associated with criteria were denoted by random variables with cumulative distribution functions. By means of TOPSIS, the ideal and anti-ideal points of the stochastic MCDM problem were determined as cumulative distribution function vectors. Differing from these papers, our study derives positive and negative ideal points based upon theoretic analysis on intervals and then seeks to eliminate decision bias through determining a set of objective weights associated with each criterion.
The implementation of TOPSIS requires incorporating relative weights of criterion importance, which are subjectively determined by decision makers and may significantly affect the results [15] . Deng et al. [16] complementarily modified TOPSIS by using Shannon entropy concept to determine objective weights associated with each criterion. Furthermore, various subjective and objective weights elicitation methods for fuzzy TOPSIS have been developed in literature [11, 17, 18] . Regarding the extension of TOPSIS with interval data, the weights associated with criteria are commonly determined in a subjective and arbitrary manner [6] , which reveal the decision makers' judgement or intuition based on their knowledge and preferences, but are extremely difficult to reach a consensus [19] . This difficulty will be increased due to the absence of suitable decision makers but can be overcome by using an objective weights determination process [16] . However, to the best of our knowledge, the existing literature has unexpectedly ignored this piece of research. This study modifies the interval extension of TOPSIS by proposing a mathematical programming model to determine objective weights with respect to each criterion, in which a "virtual alternative" is created to represent the best weighted performance under all criteria. The rationale to elicit objective weights is originated from the logic of achieving a collective choice in group decision making [20, 21] , but with distinct objective function. This stream of methods can effectively overcome the drawback of non-optimal aggregation process.
The rest of this paper proceeds as follows. Section 2 reviews the interval extension of TOPSIS. Section 3 develops a mathematical programming model to determine objective weights. Section 4 recalculates a previous example to demonstrate the effectiveness of our model. Section 5 concludes this work.
Interval Extension of TOPSIS
Taking into account the fact that the precise performance ratings of criteria are sometimes difficult to obtain and for the implementation of TOPSIS method, Jahanshahloo et al. [6] initially extended TOPSIS using intervals to denote input data and proposed an algorithmic procedure to solve. More specifically, input data of the aforementioned decision matrix are distributed across various intervals, that is, ∈ [ , ] . In this manner, the decision matrix with respect to a MCDM problem with interval parameters could be presented as follows:
and is the weight of criterion that satisfies
The logic of TOPSIS is that the most preferred alternative should have the shortest distance from the positive ideal solution and the farthest distance from the negative ideal solution. Using the subjectively assigned weights with respect to each criterion, the positive and the negative ideal solutions consist of the best and the worst weighted performance ratings of all criteria, respectively.
The main steps to calculate the interval extension of TOPSIS could be summarized as follows [6, 7] : (i) Normalizing the interval decision matrix using the following vector transformations to reduce the effect of data magnitude:
By doing so, the normalization of interval data 
and is subjectively determined by the decision maker.
(iii) Identifying positive and negative ideal solutions as follows:
where and represent the sets of benefit-type and cost-type criteria, respectively.
(iv) Using the -dimensional Euclidean distance concept to compute the corresponding separation of each alternative form the positive and the negative ideal solutions:
(v) Defining the closeness of alternative to the ideal alternative
(vi) Ranking alternatives based on the relative closeness to the ideal alternative. Because is increasing with respect to − and decreasing with respect to + , a larger indicates alternative should be preferred. Therefore, alternatives should be ranked in a monotonously decreasing order.
However, the subjective elicitation of weights is usually restricted to decision makers' experience and knowledge and highly dispersed across different decision makers and thereby suffers from systematic biases [22] . Specifically, when the problem involves a committee of multiple decision makers of distinct interests, a consensus about the criteria weights may be extremely difficult to achieve [16] .
A Mathematical Programming Model
This section aims at developing a mathematical programming model to determine objective weights associated with each criterion, in the presence of interval-valued input data. Recall the aforementioned weighted normalized decision matrix = ([V , V ]) × ; we construct a "virtual alternative", * , which is composed of the best performance ratings with respect to all criteria. That is,
, where
(14) * = {(max , ∈ ), (min , ∈ )} can be reasonably considered at the ideal performance rating of criterion . More specifically, it is reasonable to formulate a "virtual alternative" using crisp values for the interval-valued decision matrix [23] .
In accordance with Ma et al. [19] and Wu et al. [23] , the disparity between the virtual alternative and each alternative can be measured by the following square distance functions:
The smaller is, the better the alternative will be. Therefore, the determination of requires the simultaneous optimization of all disparities, that is, min{ 1 , 2 , . . . , }. Using a linear equal weighted summation method [24] , the aforementioned multiple objective optimization problem can be converted into the following single objective minimization problem:
.
The optimal weights obtained from (17) are regarded as "objective" because they are derived from the input data set itself and immune to the preferences of decision makers. Moreover, the rationale to elicit weights by minimizing the overall difference for the ideal performance rating is motivated from Fu et al. [25, 26] . For the convenience of solving this quadratic programming model, we construct a Lagrange function as follows:
and the Hessian matrix of with respect to is a × diagonal matrix, the diagonal elements of which are
The well-known Hessian theorem suggests that this Lagrange function has a minimum objective value, which can be obtained by simultaneously setting / = 0, / = 0. Thereby, the optimal weights of criteria importance are reported as * = 1
Objective weights obtained from a quadratic programming model can be incorporated into (5) to determine the weighted normalized matrix = ([V , V ]) × . These weights are derived only based on the data set itself, thus effectively reduce decision bias, and add objectiveness to the solutions.
Numerical Illustration
In this section, we apply the proposed mathematical programming model to determine objective weights of evaluation criteria as investigated in literature [6] , in which 15 bank branches ( 1 , 2 , . . . , 15 ) in Iran are examined and compared with respect to 4 financial ratios ( 1 , 2 , 3 , 4 ) , using the TOPSIS with interval data. We directly draw the normalized interval decision matrix from Jahanshahloo et al. [6] and report it as Table 1 .
Using the proposed mathematical programming model, we obtain the objective weights with respect to 4 criteria as Therefore, the weighted normalized interval matrix could be presented as Table 2 .
According to the results reported in Table 2 , the positive and the negative ideal solutions are then determined as 
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Consequently, the ranking of alternatives can be obtained based on the closeness to positive ideal solutions, which is demonstrated and compared with that of Jahanshahloo et al. [6] in Table 4 . Jahanshahloo et al. [6] subjectively assigned equal weights to each criterion. As shown in Table 4 , 11 out of 15 alternatives are ranked differently. We observe that the ranking of Alternative 8 is increased from 15 to 8, while that of Alternative 15 drops from 10 to 15. This is more reasonable because the upper bound performance rating of Alternative 8 with respect to C1 is ranked at the first, while the upper bound performance ratings of Alternative 15 with respect to C1 and C3 are placed at the bottom. 
Conclusions
In this paper we develop a mathematical programming model to determine objective weights for the interval extension of TOPSIS. The contribution of this study is to provide a solution to MCDM problems that not only incorporate intervalvalued criteria into TOPSIS method, but also provide a set of objective weights to reducing decision bias from subjectivity and arbitrariness. An illustrative example is presented to compare our results with that of Jahanshahloo et al. [6] .
A new and fresh practical application would deeply improve the novelty of the proposed method, for instance, online rating [27] and online review [28] . Future research should consider the novel application as a publication trial.
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